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I. INTRODUCTION 
The study of the small oscillations of a free surface, under 
gravity, appears in Lamb's "Hydrodynamics" (l). However, after this 
work appeared interest in this problem decreased. With the advent of the 
missile age a renewed interest in the problem has been stimulated. 
The dynamic response of the liquid propellant in the tanks of a 
space vehicle may effect the stability of the vehicle. The alleviation 
of this influence can be achieved in many ways, among which are proper 
choice of tank form, tank location, or introduction of baffles. 
These fluid oscillations, resulting from such sources as perturba­
tion of the trajectory, have been shown experimentally to be most critical 
when the excitation frequency is in the region of a natural frequency 
of lower mode fluid oscillations. 
Eulitz and Glaser (2) have compared experimental results with the 
previously obtained theoretical solutions, which are obtained from a 
linear boundary value problem. Within the framework of linear theory, 
the free surface of the fluid, in a container undergoing transverse 
harmonic vibrations, should exhibit a steady-state planar harmonic 
motion at all frequencies except resonance. Eulitz and Glaser claimed 
thorough agreement between the experimental results and the linearized 
theory. 
Hutton (3) notes that the free surface of a fluid in a container, 
undergoing transverse harmonic vibrations does not necessarily exhibit 
a steady-state harmonic motion. In fact, the behavior of such a free 
surface is as follows. If the container is excited at a frequency 
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•well "below the lowest natural frequency, of small, free-surface 
oscillations, the steady-state fluid motion is harmonic with a constant 
peak wave height and a single nodal diameter perpendicular to the direction 
of excitation. The wave height increases with an increase of the 
excitation frequency. When the excitation frequency is close to but 
smaller than, p^ ,^ the smoothly oscillating free-surface changes to a 
violently splashing condition. As the frequency increases this motion 
continues until a frequency greater than p^  ^is attained. An additional 
increase in excitation frequency reduces the wave height until the cycle 
"begins again as the next resonant frequency is approached. 
Button shows that the "sloshing" motion can "be accurately predicted 
in an inviscid liquid if the analysis includes appropriate non-linear 
effects. 
The present paper is an extension of Hutton's work to include not 
only transverse harmonic oscillations of the container, but also rota­
tional harmonic oscillations. Again the appropriate non-linear effects 
are included. A comparison is made between the two solutions. In 
particular stability of the non-linear motion is studied. 
II. DEFINITION OF THE BOIMDAJRY VALUE PROBLEM 
The problem under consideration is that of a tank, partially filled 
"With a non-viscous, incompressible liquid, which is mounted in a system 
•which is moving along a prescribed path. Perturbations of the path of 
the system cause the liquid to oscillate. There exists two possible 
types of motion to consider. The first is that of surface waves of 
large amplitudes, possibly of low frequency, which could actually damage 
the tank structure. For the most part this can be controlled by suitable 
baffles in the tank. The second, which will be considered here, is that 
of surface waves of small amplitudes with a frequency near the natural 
frequency of the control system on the tank, i.e., the natural frequency 
of the liquid-tank configuration. 
Since the tank is in motion along some path it seems reasonable 
to refer its motion to an inertial coordinate system, for example the 
earth. However, if any type of measuring device is attached to the tank 
then it measures quantities in terms of a tank-fixed reference frame 
which is moving relative to the inertial system. Thus it is necessary to 
be able to express the tank-fixed system in terms of the inertial system 
and vice versa. 
Let be an inertial Cartesian coordinate system with origin 0' 
and coordinates y^ ; and let be a Cartesian coordinate system moving 
relative to Y^ , with origin 0 and coordinates x^ . Then, instantaneously, 
the position of a particle moving with the system can be described in 
the Y^  system by 
i^ = %i + ^ ji ""j 
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where the summation convention is "being used and Latin subscripts take 
on the values 1, and 3. In Equation 2.1,Z^ (t), with components 
measured in give the instantaneous displacement of 0 relative to 0'; 
and 
("fc) = cos y'j ) (2.2) 
measures the instantaneous rotation of X^ with respect to Y^ . Subsequently 
the following notation will be used: a barred vector has components 
measured in Y^  and an unbarred vector has components measured in X^ . 
Since a. . are a set of direction cosines, they satisfy, for any t, 
\k ^jk " ' (2.5) 
where 0^  ^is the Kronecker delta. Denote df/dt by f and take the 
derivative of Equation 2.5; then 
i^k ^ jk \k G'jk = 0 ' (2.4) 
Define 
i^j " ^ik ^ jk • (2.5) 
Thus, using Equation 2.4 and 2.$, one has 
° ='jk =-ik = - j^k " -
that is, ox j is a skew-symmetric second order quantity which can b e shown 
to be a second order tensor. 
A dual vector ox can then be defined such that 
'^ ij i^jk \ 
where is the third order alternating tensor. Thus, from Equation 2.6, 
^Ik ^jk = - «Ijk \ 
where is the angular velocity of X^  with respect tu "t. measured in X^ . 
The absolute velocity of a particle, whose position is described 
by Equation 2.1, can be found by differentiating Equation 2.1 with 
respect to time. This gives 
\ + à.. Xj . q. , (2.8) 
•where is the velocity measured in the system. The measuring device 
fixed on the tank measures -where q^  is the velocity measured in the 
system, and 
«i = • (2.9) 
Using Equation 2.8, q^  can be written as 
% = + \o \ • (2.10) 
With Equation 2.^  and 2.7 and the fact that = a^  ^ Equation 2.10 
becomes 
q^  = Zi + Xi - , (2.11) 
or 
9% = + ^ ijk  ^•" (2.:i^ ) 
•where the skew-symmetric property of the alternating tensor has 
been used. 
The next quantity of interest is the absolute acceleration 
â. = ^  . (2.13) 
From Equation 2.9, Equation 2.3 can be written as 
i^ " dt + ^ ji • (2.14) 
The quantity of interest is a. = a.. a.j thus from Equation 2.l4, 
dq, J 
~ \i ^ji dt \i ^ji ' (2.15) 
or 
6 
\ ~ dt i^jk * (2.16) 
Here it is noted that the velocity is a function of not only the time, 
hut also of the coordinates which are also functions of time, and thus 
ax. 
From Equation 2.12 
dx. 
 ^\ " ^ i " i^jk \ • (2.18) 
Equations 2.l8, 2.17, and 2„l6 give finally 
 ^= "St + ^  - ^ ijs 
In vector form Equations 2.11 and 2,19 appear as 
'q = q^+03xr+'r (2.20) 
a=||+CDxq + [(q-'^ - œxr) «V] q , (2.21) 
where "q^  is the velocity of 0 relative to 0'. 
The Eulerian equations of motion for an incompressible inviscid 
fluid are, in the inertial system, 
*i = 5%^  , (2.22) 
where is the specific hody force, p is the density and p is the pressure. 
Since y^  = y^  (s:^ , ic^ , x^ ). 
Transform Equation 2.22 to the tank fixed system, using Equation 2.23; then 
Sj = Fj - ^ , (2.2h) 
or 
0^ - ^ 0 • P ^  • (2-25) 
Ass-uming that the motion is irrotational^  there exists a potential 
(j) such that 
Si = - 3^  ' (2.26) 
i 
The incompressihility assumption implies that 
= 0 . (2.27) 
1 
Equations 2.26 and 2,27 then lead to 
4) = ^  (^ ) = 0 . (2.28) 
Transform the above to the tank fixed system, noting that 
then 
ôè , . 
= - 3%- , (2.29) 
 ^= 0 , (2.30) 
Thus the solution of Laplace's equation furnishes a possible potential 
function for an incompressible^  irrotational flow. In order to determine 
exactly •which potential function is the solution certain boundary 
conditions need to be prescribed. 
Consider a "cank of arbitrary shape partially filled vith fluid. 
Figure 1. Assume a constant acceleration is acting along the axis. 
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Figure 1» Arbitrarily shaped tank partially filled -with 
liquid. 
The surface of the liquid then assumes a planar surface normal to this 
axis, this surface heing called the free surface or quiescent free 
surface. The origin of the system is taken at the center of gravity 
of the accelerating fluid system. The motion of the tank-fixed system 
relative to characterized by 2^  and are oscillatory motions 
superimposed on the constant-acceleration motion. These vill induce 
perturbations or disturbances of the free surface. The measuring device, 
traveling with the tank sees only the forcing motions, or perturbations. 
In this analysis, it will be assumed that the tank is rigid. With 
this in mind, the boundary condition on the wetted surface of the tank 
must be that the velocity of the liquid normal to the tank wall must equal 
the normal component of velocity of the tank itself. Thus, if is the 
unit exterior normal to the tank, and q^  = - , 
" ^ i " ^i '^ i^ i^jk •' (2.52) 
where = 0 for a rigid tank. 
There are two conditions at the free surface. Denoting the disturbed 
free surface by -q (x^ , Xg, t) and the unit normal to the quiescent free 
surface by n^ , the kinematic condition that a particle of fluid which 
travels with the free surface as it moves must have the same velocity as 
the free surface itself is given as 
= 0 , (2.33) 
dt 
xj = n 
where is the displacement of a particle in the x^  - direction, and, 
as in Equation 2.17, 
 ^ = ("ïl - \ on = , . (2.36) 
10 
a a a , ,, 
ât "St+ 5r ^  • (2.3t) 
Expand Equation 2,33 and use Eq.uations 2.34 and 2.12: 
+ + %3!c'"A' on 3!^ = . (2.35) 
But since = n^  = 0 and ry = 1, the right hand side of Equation 2.35 
can be written as 
(q^  - \ ' 
Thus Eqmtion 2,35 becomes 
ÔT 
i 
The second condition at the free surface is a dynamic one -which states 
that the pressure at the free surface of the fluid must equal the ambient 
pressure. To find the form of this boundary condition it is necessary 
to integrate the equations of motion. Substitute Equation 2.19 into 
Equation 2.25; the equations of motion become 
 ^^"4. - ^ i - i^ts + ^ ijk - 3 
If the only specific body force is that due to the gravitational field 
in -which the tank system is moving Equation 2.37 can be integrated 
directly: 
p - P. . . _ ad 
- o 
= a Xj + i (q^  - , (2.58) 
where p^  is the ambient pressure, and a is the magnitude of the acceler­
ation of the tank system. It is assumed here that p^  is a constant. 
Thus the second boundary condition at the free surface is 
11 
ôd) 1 /ô(b • \p ôd) 
 ^- on + 2 - G. %k ^ , on = 1 (2.59) 
In summary, the mathematical description of the motion of an in­
compressible, irrotational fluid confined in a moving, partially filled 
tank, subject to translational and rotational perturbations, is 
4) = 0 , (2.40) 
'"j (2.41) 
on the wetted surface, -where •o^  is the unit exterior normal to the tank; 
where n^  is the normal to the free surface; 
1 A \2 ôd) 
= or, + j - Z. ) - 6. C», on Xj = 1 . 
(2.42) 
(2.43) 
A. The Linearization of the Problem 
If the free surface oscillations are sufficiently small, terms of 
second order in the velocities can be neglected. Equations 1.40 to 1.4$ 
then become 
(j) = 0 , (2,1a) 
Bd 
- "i St = "i * "ijk ""j , 
•where is the wetted surface, 
ài! 
(2.2a) 
on 1 
The last two equations can be combined into a single condition 
1 
° àt= & + & + «ijk "i'  ^= 1 
(2.3a) 
(2.4a) 
(2.5a) 
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If it is assumed that and can furthermore he represented 
as harmonic oscillations 
. a>(°' ' (2.6a) 
then it may he assumed that 
(j) (x_, t) = j (x^ ) e^ P^  . (2.7a) 
The problem then reduces to 
V = 0 , (2.8a) 
- \ 5^ ; = °1 '4°' + "ijk "f ™ (2.9a) 
" ^  ®ijk 4°^  on Xj . 0 . (2.10a) 
The solution to 2.8a through 2.10a can always he obtained if the tank 
is a prismatic cylinder with x_ parallel to a generator, and the cross 
section such that t is separable in the appropriate $-dimensional 
coordinate system. 
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m. NOT-LINEAE SLOSHING lïï A CrRCULAE-CYLINDRICAL TAM 
The natural course here is to express the problem in terms of 
cylindrical polar coordinates (r, 9, z). Before doing this, consider 
Equation 2«4l. There exists two segments of wetted surface: the side 
of the tank and the "bottom of the tank. Consider first the side. Here 
the normal -o^  has the following components: 
•0^  = cos 6, Dg = sin e, -D^  = 0 . (3.1) 
Thus Equation 2.4l becomes 
" ^ 1 ~ ^ 2 ^  " ^1 ^ 1 2^ \ • 
On the bottom of the tank the normal has the components (3.2) 
v)^  = 0 , >^2 = 0, = -1 . (3.3) 
Thus Equation 2.4l becomes 
Note that is absent in Equation 3.2 and that is absent in 
Equation $.4. This will in fact be the case for any cylindrical tank 
•whose generators are parallel to the x% axis, and is not merely a 
perculiarity of the circular-cylindrical tank. 
In the following the Equations 2.40 through 2.43 "will be transformed 
into cylindrical polar coordinates. So far all the quantities in these 
equations are measured with respect to the tank-fixed rectangular 
Cartesian coordinate system. These quantities may also be expressed 
in a tank fixed cylindrical polar coordinate system. In doing so, it is 
also convenient to shift the origin from the center of gravity of the fluid 
I k  
to the geometric center of the g^ uiescent free surface. Let = x, 
Xg = y, x^  = z, and use the usual transformation equations to cylindrical 
polar coordinates 
X = r cos 8, y = r sin 6, z = z ; (5.5) 
Equation 2.40 becomes 
= ^  + + + = (3.6) 
= «ijk ""jV 
"bl = z - r sin 6 , 
"bg = 0^  r cos 9 - z , 
"b^  = (^  r sin 6 - co^  r cos 0 . (5o7) 
Denote "by the quantity Z^ ; Equations 5.2 and 5,^  become, respec­
tively, 
- u-j^  cos 8 - Ug sin 0 - z cos 0 + z sin 0 (5.8) 
- u^  - ca^  r sin 0 + cd^  r cos 0 (5,9) 
It may be noted in Equation 5.8 that is absent. This is only 
true for a circular cylinder. To see this, consider the last term, 
lOi (DjX^  in Equation 2.4l. In vector form this is 
u . (ï5 X p) = CD ® ("p X u) , (5.10) 
•where "p = (r cos 0, r sin 0, z). On the side of the circular-cylindrical 
tank has components given by Equation 5*1. Thus, the third component 
of p X Ij is 
(^  x"^ )^  = r cos 0 sin 0 - r cos 0 sin 0=0 . (5.11) 
Thus from Equation 5.10, % is absent in the expression for 
15 
a circular cylindrical tank. Since this term in Equation 2,9a is the 
only place cd^  enters, is absent from this houndary condition for this 
special tank configuration. 
On (r, 6 ,  t), the unit exterior normal has the following 
components 
n^  = = 0, n^  = lo (3,12) 
Therefore, from Equations 2.11, and 5.12, one of the 
"boundary conditions at z = ti becomes 
dz 
1 an a 
u^  - 00^  r sin 0 + r cos = 
or or 
r^ 
-u,(cosa|a-^ a 
+ CO T] ( sin 0 -^  + cos 8 a 0.13) 
The other boundary condition at z = t] can be obtained from Eq_uation 2.4$ 
using Equations 3.7 and 3.12: 
ad ^
 = aq + 2 + (p + (||)^  + ^  (^ 1 cos 8 + Ug sin 0) 
+ 1# (Ug cos 0 - sin e) + 2^uj + u^ + u| + u^j 
+ 05 TI COS 8 -2 or ' sin 9 + 
ad 
Thus if the cylindrical tank has radius a, and the original depth 
of the fluid is given by z = -h, the motion of the contained fluid in 
a circular cylindrical tank is governed by the following partial 
differential equation subject to the given boundary conditions: 
(3.15) , + —^ = 0 , 
ar^  ae^  az^  
l6 
0 ^ r < a ,  0 ^ 0 ^  2T t ,  -  h  <  z  <  .  
On r = a, cos 6 - 6 - z co^  cos 8 + z sin 0„ ($.l6) 
ad) On z = -h. ijy - r sin 0 + cd^  r cos (3.17) 
On z = 1], ~  ^" '^ 1 ^  sin 0 + r cos 0 = '^ -%^ -^ -— 3r or 
r^  
cos 0 ôu sin 0 Ô: 
"Sr r % Sin e |a . 1 , (5.18) 
#)" + ( 1 3&\2 , /SévE + [u^  COS 0 + 112 sin 0] 
+ r ë cos - sin 0] + ^  ^ + i u| + uj + uj 
+  ^cos — sin 0 +ay^ +-^ r[ai sin 0- cos 0], 
r o0  ^o0 dz TL 2 
(5.19) 
To simplify the problem described the following transformation is 
made: 
"t (r,0,z,t) = (j) (r,G^ z,t) + u^ r cos 0 + u^ r sin 0 - zrœ^  sin 
+ z (^ 2 r cos 0 . 
Equations 3,15 throxjgh 3.19 become: 
i = 0. 
On r = a, ^  = C. 
ÔTj; On z = -h, ^ = - ty - 2ra:^  sin 0 + 2ru:^  cos 8. 
On z = - -u^  r cos 0 - r sin 0 + -q r sin 0 - t] r cos 0 
(3.20) 
(3.21) 
(3.22) 
(3.23) 
= Cttl + 2 + ^  ( 0^  + a:|) + 2r^  (o^  sin^  
+ 0^  cos^  0) + 2 (rti^  sin 0 - r cos 0 + ly) - 3r^  ^  ® cos 
17 
+ 2 CD^  r sin 0 + 2 r cos G - q co^  Ug 
+ T| ^ 2^ ^ ®  ^sin e + 0^  ^  + 'qo^ o:^  r cos 0 , (5.24) 
+ 2ra^  cos e - 2ra^  = . 
(3.25) 
The free surface rj is one of the unknowns; "but it may "be eliminated 
"between Equations 5=24 and 5.25 as shown in the Appendix, Equations 
5.24 and 5«25 may thus he replaced by Equation A, 12; 
®ll\o . ^ 12\o . %llbllboo . ^ 22^ 1 
a + a , + a „ + * + 
OO ol a o2 a Q: oP giap 
+ + B^  ^- a^  ^(a''^ Ug r sin 0 + a ^  [r cr^  u^  r sin 0 - h^ u^^  r sin 
+ r CL h 1 + a~^  [2r^  ^  slxFo + 2r^  o? cos^ G + 2 | r (u^  - a ) 1  o o "  ^ 1  2  r  5  1  
_ 5r^  CD^  (u^  sin 0 cos 0 + 2u^  r + u^  ^  r sin 0 + ^0, 
-Bgg ( cf^  + ùg r sin 0] - [h^  ^- r a^ ]["b^  ^+ u^  r sin 0] 
+ o"^  2r^  0^ sin^d + 2r^  cos^B + #^ r(i:y - a^ ) 
- 5r^  sin 0 cos 0 + 2u^  ra^  + -u^  ^  r sin 0 + Eg]) 
—1 -1 o 2^2 —2 o 
+ a" Ug r sin 0 + B^  ^a [b^  ^4- Ug r sin 0] + a (Sb^ U^gi sin 0 
+ u^  sin^ 0) + —• a~^  [b^  ^+ r sin 0]^  + 0 = 0, (A. 12) 
(r,8,0,t); (r,e,0,t)j  ^(r,0,O;t); 
a.., b. ., and B. . are functions of the potential ^  and its partial 
ij ij' 13 
derivatives all evaluated at z = 0; (see Appendix), and 
18 
cr^  = CDg cos 0 - co^  sin Q . 
This leads to the boundary value problem consisting of Equations 5.21, 
5,22, 5.25, and A,12, which involves only the potential function ^  
and the prescribed tank displacements. The tank displacements are 
assumed to he 
(t) = sin cob, 6^ (t) = 6^  sin cut, i = 1, 2, 5, (5.26) 
with and "small" and cd close to or equal to the lowest natural 
frequency p^  ^is 
= n]a tanh h^  , (5.27) 
where is the first non zeio root of 
"^1 (v) " °-
Here the x_(t) correspond to translational motion, and the 0^ (t) correspond 
to rotational motions. Since and 0^  are small we may effectively assume 
o ° 
each set is the same for all ij. say and 0^ , respectively; and further­
more we assume 
r (5.28) 
The tank velocities x^ (t) and 6L(t) are 
x^ (t) = e cos mt, ^ j_(t) = ^  cos mk, (5.29) 
where e = coe . 
o 
A steady-state harmonic solution to this "boundary value problem is 
posed in a perturbation form, in analogy with the Duffing problem (4 ,  5 ,6 ) ,  
in terms of the parameter e: 
ilr = [ilf^  (r, t) cos CDfc + x^  (r, t) sin ojt] 
+ [j^ (r) + tg(r) cos 2 mb + Xg (r) sin 2 cot] 
19 
+ e [ij/j (r) cos Jcnt + (r) sin Jojt] , (3.50) 
•where the functions and for each value of n, each satisfy 
= 0 ,  
a: „ ^= 0 , on r = a, 
^=0, on z = -h . (5.51) 
Here r means dependence upon r,8, and z. A set of normal modes of 
vibration which satisfies Equations 5.31 identically is 
cosh A. (z + h) 
(t) COS me + B^ (t) sin me] (\^ r) , (3.32) 
mn 
•where the J are Bessel functions of the first kind of order m, for .m 
m ' 
a positive integer or zero; and are an infinite set of numbers for 
each m obtained from the equation 
(5-55) 
The functions A (t) and B (t) will be called the generalized coordinates 
mn^  mn^  
of the mn'th mode; they depend only on the time t. The natural frequency 
of small, free-surface oscillations in the mn'th mode is denoted by p . 
' -^ mn 
When the tank displacements are harmonic motions at a frequency close 
to or at the lowest natural frequency p^ , associated with the mode, 
the generalized coordinates A^  ^and dominate all other generalized 
coordinates» Thus it is assumed that the first order terms, and 
in Equation 3.9 contain only the J-. mode; thus i|f, and X are chosen as 
cosh [\vL (2+h)] 
1^ = [^ 1 e + f^  (t) sin 0] (\3_3_r) eosh ' (^ .34) 
cosh (z+h)] 
e + f^  (t) sin 0] (x^ r^) , (5.55) 
20 
where the transformations 
T = I ojt, = a? [1 - -oe^ /^ l (3.36) 
have been used. In Equation 3.36, D is a dimensionless measure of 
frequency and T is a dimensionless time parameter. A derivation of the 
above transformation is given in the Appendix. 
As shown in the Appendix Equation 3.30 is then substituted into 
1/5 Equation Ao12, Equate to zero the coefficient of e ' : 
(a - p^  ^)|f^ ) cos cob + (a - p^  X^ ) sin mt = 0, on z = 0. 
(A.22) 
Equation A,22 is satisfied identically for all time, if \|;^  and are 
chosen as in Equations 3.3^  and 3.35. As can be seen, the coefficient 
1/3 
of £ ' involves only the J^ m^ode« 
2/5 
The vanishing of the coefficient of e ' gives 
o^z ~ ^  ^  _ (a.27a) 
a ^2^ - r p^  ^ig = 2p^  ^(x^  + — + — \) (A.2Tb) 
a X22 - r p^  ^Xg = p^  ^ — + 2 1^1(^ 1 ^ * 
r T 
(A.27c) 
The functions and Xg are chosen to satisfy Equations A,27 a, 
bjCo If i]/^  is taken to be constant, Equation A.27a will be satisfied 
identically. Choose and X to be 
ST  ^ , \ 
^ 2  — o n  o  ^ ^ o n ^  c o s h  \  h  
n=l on 
 ^^ /V cosh [X (z+h)] 
+ (A^ c^os 26 + Sin 29) J^ Cx^ r^) c.sh Xg, h ' 
n=l 
21 
and 
T— ^ cosh [\ (z+h)] 
=^2 = ''on cosh^^ h 
n-1 
00 . 
^  ^ cosh [\g (z+h)] 
+ Z_ (Cgn <=°= 20 + =ln 26) Jg r) ; (3.38) 
n-1 
where (\g^ a) = (kg^ a) = 0. 
Equations A,27b and A»27c can he satisfied by finding the appropriate 
generalized coordinates in ilr^  and These generalized coordinates 
can "be found by introducing Equations $.$4, 3.55^  5.57j and 5.58 into 
Equations A,27 b,c and applying a Fourier-Bessel technique using the 
following orthogonality conditions: 
a, Co J m n 
(V) (V r) ar = J 2 (3.39) 
- (^ on a)' % = G 
0 , m ^  n 
(5.40) 
/a To
I ^^2 ^2 (^2n^ | a^ -4 
j| (A-g^ a), m = n 
These give the generalized coordinates of the and modes as 
2^n •^ 2n (^ 1^ 2 " %^ 4^  ' ^2n 2  ^  ^~ ' 
®2n "A2n (^ 1^ 4 """ 2^^ 5^   ^ ®2n "-^ n ^ 2^^ 4 " ^ 1^ 5^ ' (5.^ 1) 
•where_fl^ ,^_rL2^  are constants defined in the Appendix» 
22 
l^l^ oo \l^ ol . 1^2^ 00 
The terms , a^g - a^^ - + 
a 
a, ^h _ ,2 
+ °° + ^ 22^ 00 , each contrihute to the coefficient of e. 
The coefficient of e contains sin mb, sin2cct, sin cos mb, cos 2(xt, 
and cos $0*. With this type of approximation it is assumed that only 
the first harmonic terms need vanish. The first harmonic terms from 
a and are 
00 11 
<1 
f f^ ^^ l 1 /*^ 1^ 1 
"S \—^  - - r cos 0 - r sin 0l cos cot - (—^  + V) X^ ) sin cet j 
- (a - ^  cos 8 + ^  sin 0) cos cot , ($.42) 
where p^  ^ r cos 0 cos cot corresponds to the translational motion u^ ; 
p^  ^r sin 0 cos cot corresponds to the translational motion u^ ; a cos cut 
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corresponds to the translational motion u^ ; ^ cos 0 cos cut corresponds 
Qx* 
to the rotational motion cd^ ; — sin 0 cos cut corresponds to the rotational 
motion m . 
1^1^  o 
The first harmonic terms from a , — are 
ol a 
1^1 '-^ iT ^ 2r " \r'^ 2r  ^(^ 18 ^ 28 " ^ 0^ 20^  " ^ 11 \^^ 2"'^ 1^ 2^  
" ^ 11^ 11 (^ 1^ 2z " ^ 1^ 2z^  2 (Vgzz "  ^
" ^ 11 '•^ Ir ^ 2r l^r^ 2r (^ 10^ 20 1^0^ 20^  1^1 (^ 11 " 
(X^ Xg + l^l^ il(^ 1^ 2z V2z^  ^  2 (^ 1^ 2zz V2zz^  ^
l^l^ ol~^ 12^ oo 
Similarly, there are first harmonic terms from a^ p — 
23 
Saii'boo't'il + ^22 
+ which are lengthy expressions and are not written 
2QP 
out here. 
The equation obtained "by setting the first harmonic terms cf the 
coefficient of e equal to zero is now satisfied in a Rayleigh-Ritz 
or averaged sense. 
This is done by multiplying the equation by 
9[ cos 0 
1^ (V' \sin ' (3.W) 
integrating over the free surface, 0^ r<a, 0^ 8^  and using the 
known results 
/-a /-2jt 
o -^ 0 
•a r2.% 
o o 
a /'23t 
cos 6 
sin 0 JlC^ lir) dr d0 = 0, 
r^  sin 0COS 0 drd0 = 0, 
f 
-/ o o 
2^ ^  Sin 
cos^ 0 
J]_ (\^ r^) drde = (\^ a) . 
(3.45) 
(3.46) 
(3.47) 
11 
The contributions from a + B, are 
00 1 
•a /-2jt 
'o vo 
(a^ g + B^ )^ cos QJ^  rdrd0 = rtp' 1^1 ?i i  ^ Î C^u 2\' 11 
df. 
(%;- - ^  f"i) -
a 
'dr 
df 
+ ufg) } sin oifc + 
2 1^ (^ 11 
1^1 
(\) 
cos cot - :n; p' 
4ia-l 
1^1 
((%) 
11 
COS CDFC , 
2\' 2 11 
(3.48) 
21+ 
2it 
(a^ o ® "^ 1 (\22^ r)rard8 = ^ ^î (V) 
2\' 11 
(% - Tta 2 ^l(^ll^^ 
1^1 
cos CDb - jJ (\^ a) 
2\' 
11 
df. 
" sin œfc -
^if 
K) 
cos CDfc (5.49) 
a 
The contributions from - — = are 
^a r2ît 
cos e (^ 11^ ) rdrde = itp^  ^ [f., (f\f.) G., + 11 '^1 ^ 0 1 
O ->0 
(fgf^ - fif^) Gg] cos wt + G^^j^ffgf^-fif^jGgJsin at, 
(3.50) 
ra r 2« 
Bg sin 0 (^ 11^ ) r&rdG = [f^  (f\fj) 
o •'o 
-fg (^ 2^ 5 - f^ f^ ) Gg] cos cut + Jtp^ 3_ [f\(fjfj) G^ + f^ (f2f5-f^ fi^ )G2]sin cot, 
(3.51) 
•where f^ f^  = f^  + f| + f^  + f^ _, and G^ , Gg are constants defined in the 
Appendix. 
, _ (^ ll^ ol"^ 12^ oo) ^^ ll^ oo^ ll'*'^ 22^ œ 
The contributions from K = a^ g + — 
20? 
are 
/ a /-2:n: 11 cos e (x^ r) rdrde = - -^  [f^ C^ jfj) 
o 'o 
25 
+ (fgf^  - COS CDfc - sin CDfc 
(5.52) 
2^it 
/ 2 
I PT-, 
sin e (X^ r) rdrdG = - -j— [f^ (f .f^ ) -fg (fgf^  
J o o 
<1 
-%) Hg] cos CDfc - [f^  (fjfj)Hi + fi (fgf^ -%)Eg] sin mfc, (5,53) 
A 4 
where and Eg are constants defined in the Appendix, 
From the Rayleigh-Ritz process two ordinary differential equations 
are obtained. Setting equal to zero the coefficients of sin oofc and cos mb 
in each of these equations results in four first order,non-linear, 
ordinary differential equations. 
This system is 
df 
= B. (f., fg, i = 1, 2, 3, 4 (5.54) 
where 
Gl = - K,2 ' ®3 " ' ",4 ' 
Gg = J Gj^  = f (5»55) 
and 
H = (F^  + Ag) f^  +(Ug + Ag) f^  + i D fjfj 
+ i (fjfj)2 - i Kg (fgf^  - fif^ )^  , (3.56) 
•where 
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The constants Kg, Ag, Up are defined in the Appendix 
hy Equations A. 18, A.19, A.20, and A.21. 
A steady-state harmonic solution to the boundary value problem is 
given by the roots of the four equations 
Gi (^ 1' ^ 2' 4^) = 0 ' 1 = If 2, 3, 4 . (3.58) 
The roots of Equation 3.58 are functions of f^  where the f^  are independent 
of the time T. The form of Equations 3.5^  is similar to the equations 
derived by Miles (7) for the undamped spherical pendulum. 
There are two solutions to Equations 3.58. The first, called planar 
motion, is 
f-j^  - 1) f^  = yQ; "^ 2 ~ ~ (3.59) 
•where 7 is a parameter independent of time. The transformed frequency is 
u = P 7"^  - K. R 7^  , (3.60) 
"Where 
4 + ^2 
p = - + Ag), Q = FTTIT , R = 1 + • (3.61) 
The second solution to Equation 3.58, called non-planar motion, is 
fj, - r , fg = - (y" -K^  )% f) = 7Q' 
"With 
% = _ 7-1 (K^  + + EK^  72 , (3.63) 
•S °  ^^ 1' %% - Kg - 2%! . (5-® '^ 
It is seen that the non-planar solution is real and hence exists for 
P p 
Y > Oy -when 7^  - > 0; and for 7 < 0, "when 7 - < 0. 
The names planar and non-planar motion are used in analogy -with 
Miles terminology for the spherical pendulum. It is not to be implied 
AgKi 
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that the motion of the free-surface is necessarily described by the 
names given to the two solutions of Equation 3,58, 
28 
I?. STABILITY OF THE STEADY-STATE HARMONIC SOLUTION 
To determine the stability of the motion corresponding to a given 
steady-state solution consider the perturbed solution 
Ic^ l « 1, i = 1, 2, 3, 4 . (4.1) fi(t) = 
,(0) 
-
The f^  are constants corresponding to the steady-state amplitudes of 
the harmonic solutions of Equation 3.54. The corresponding steady-state 
solution "Will be stable if Re (\) ^  0 and unstable if Re (x) > 0. 
Substitute Equation 4.1 into Equation 3.54, neglect products of the 
c^ 's, and use the fact that the f^ ^^  are solutions of Equation 3,54;the 
following set of homogeneous algebraic equations are obtained: 
• dll + \ *12 *13 
p.. 
.
 'ci' 0 
*21 *22"^  *23 *24 °2 
0 
*31 *32 *33"*"^  *34 '3 
0 
*41 *42 *43 *44 
"=4 0 
•where 
= ek^ fCo) f(o) + kgffo) , 
•4 
(f(0) f(°)) + 2k:]f(0)^  - kgffo)' 
d= = + kg - 2f(°) f(°)] 
'l4 
Xo) F(o) 
"1 ^ 2 4^ = 2k, fa"/ fr' + kn  ^ , 
,(0) f(0) 
'2 "1 3 
*21 = % + k, (f(°) + 2k^ f(°)^  - k^ f[°^  2 4 
(4.2) 
*22 1^1 ' 
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II 2k:if(o)fjo) + kgffo) , 
11 + kg [f(0) f(0) - 2f(0) f(°)] , 
^31 = ^24 ' 
II CJ 
^14 ' 
% ' 2K]f(0) f(0) + kgffo) f(0) , 
II t) + f(0)] + ze^  , 
•^ 41 " 2^5 ; 
II 
1^3 ' 
% ^  ^ (f(°) f(°)) + 2k^  - kg , 
II ro 
"^ 3 " 
Equation 4.2 -will have nontrivial solutions only if the determinant 
of the coefficient matrix is zero. This gives an equation for the allowable 
values of 
Ao Stability of Planar Motion 
Substituting Equation 3.59 into the expressions for the d. .'s and 
expanding the determinant of the coefficient matrix in Equation 4.2, 
one obtains 
(m^  + + 2k) + 7Vm^  - = 0, 
(4.3) 
where 
% + yz (k]r - kgq) 0 
0 V) + (3 + Qp) 
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X) + (1 + 5q^ ) 
^ = 
•d + yz (kir - k_) 
\ = 
0 
0 
+ 7= (k^ r - kgq) 
m = 
+ k^ yz (5 + q2) 
0 
u + 7^  (k^  r - k ) 
d + K^ f{l + 5q^ ) 
The boundary between stable and unstable planar motion corresponds 
to X = 0. Set \ = 0 in Equation i+,3 and substitute for "o from Equation 
3.60: 
r~^ 7^  - ]î^  P 7^  + NpP 7^^  + 7^  + = 0, (4.4) 
"Where 
+ 2k^ qr - kgq , 
bg = kgk^ q - kgqp (kg + + qp) 
n = 2k]%g (q^  _ + q2 _ q) , 
= - r Kg 0= (Q2 + 1) (4.5) 
One possible solution to Equation 4.4 is 7 = + <», Since 7 is actually 
an amplitude this -would correspond to unstable motion. Letting a = 7 , 
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the other possible solution to Equation 4.4 is 
+ ïïg 0^ + P® N^a + = 0. (4.5) 
This equation can then he solved for cr = 7®. The solution of Equation 
4.5 for various perturbations is given in Chapter V. 
B, Stability of Non-Planar Motion 
Substitute Equation 5.62 in the expressions for the d..'s: 
-1 
d^ g = % + (2K^ R - (1 + 5f ) 
ajj = ly (k^  0= + kgb) 
2epy-l 
= q + -1^  ) 
421 = " + 7^  (# -) 
2^2 " *^ 11 
^25 = - « (Kl,/" - V' 
*24 = -ft (k^  + kgr) 
Si " "^ 24 
Ss " ^14 
*55 = -*11 T 
K.P7 
= % - yz c2kir _ k^ ) - d + (f) 
4^1 ="^ 55 
4^2 = 1^3 
(2%!% - k^ qf) - (g: + 5^ ) 
•^ 44 = ^ 5 
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Substitute the value of o given "by Equation 5.65 into the expressions 
foï" 2^1' 4^5: 
1^2 - / (aç,h + k^ ) - -ig 
f (2k^ b + \C?) + ^  
2K P 7"^  
54 = ^ + ^4»"' - "k^ S 
2 -1 
*43 = 7^  (2klb + 
Substitute the above values of the d^ '^s into Equation 4.2 and set 
the determinant of the coefficient matrix equal to zero to give a fourth 
degree polynomial for the determination of the parameter X, such that 
Equation. 4.2 has non-trivial solutions. Stability of the steady-state 
nonplanar solution is determined by examinirg the roots of this q_uartic 
equation. The regions of stable and unstable motion are given in 
Chapter V for various perturbations. 
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v. mjmerigal exampiie 
To compare res-ults obtained here Mith those obtained "by Hutton, the 
following values of the parameters are used; 
a = tank radius = 5.958 inches, 
h = vater depth = 8,907 inches, 
\^^a = 1.84119 , 
= .581865 . (5.1) 
Then 
= 8.55992, gil = 0.99205 , 
Pll = 10,897 rad/sec = 1.75^  cps, 
ag = -.6589 , 
1^ = - Ag , Ug = Fi (5,2) 
To evaluate and Kg only the first five terms in the infinite series 
A 
defined by and are used to approximate the series. In the calcula-
A, A 
tion of and Gg the last three terms are about one percent of the first 
t"wo terms, Thus 
= .4855 X 10"5 , K_ = -5.0255, 
Eg = ,15707 X 10"^ , = 4,0010 X 10"^, (5.5) 
A, Planar Motion 
Equation $,6o gives the transformed frequen'-y 0 in terms of the 
parameter 7, The coefficients in this equation depend on the perturba­
tions given to the liquid-tank system. Thus 
-1 
•0 = - (?! + 
A, + 1 
1 + (p + a o (5.4) 
1^ + 4 i 
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Equation 4.4 gives the values of 7 which separate stable and unstable 
regions. The coefficients in this equation also depend on the pertur­
bations given to the liquid-tank system. 
Case I: Consider = 0, = e cos cot, which is the 
case considered by Hutton, 
Then 
% = -8.5599 - .4855 x lo'^ys (5,5) 
The motion is unstable for 
-.1337 < % < .06459 , (5.6) 
•where 7 = 95.82 when X) = -.1357 and 
7 = -85.41 when D = .06459 . 
This agrees with the result obtained by Hutton (3). 
Case II: = u^  = u^  = 0 ,  ^cos CDtj 
% = .6389 7"^  - .4855 X 10"5 
The motion is unstable for 
10257 < % < .0115 (5.8) 
where 7 = - 40.377 "when D = -.0257 and 
7 = 35.988 when D = 0OII5 , 
Case III: u^  = u^  = 0, =:^  cos cot ; 
% = .6389 7"^  - .9706 X 10"^  . (5.9) 
The motion is unstable for 
-.1865 < % < .1954 , (5.10) 
•where 7 = -3.43 when u = -.I865 and 
7 = 3.30 when -0 = .1934 . 
Case IV: = u^  = 0,  ^cos cut, u^  = e cos CDfc; 
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D = - 8055997"^ - .488 X 10"^ f . (5.11) 
The motion is unstahle for 
-5.755 < % < 5.662 (5,12) 
where 7 = -1,508 -when D = -5.735 and 
7 = 1.489 -when X) = 5.662. 
Case V: = 0, uSg = ^  cos mt, = e cos at; 
v = -7.9017"^  - .4855 x ict^  y2 . (5,12) 
The motion is tinstahle for 
-.1269 < u < .06153, (5.14) 
where 7 = 93.37 "when -o = -.1269 and 
7 = -83.23 when D = .06l33. 
Case VI: = e cos cot,  ^cos mt; 
•0 = -7.9010 7~^  - 1.144 x 10"^  7^  (5.15) 
The motion is unstable for 
-4.773 < u < 4.834 (5.16) 
where 7 = I.655 when u = -4.773 and 
7 = -1.634 when 10 = 4,834. 
Case VII: = 0, cos cat, -u^  = e cos a*. 
The results are the same as in Case V by symmetry. 
Case VIII: cd^  = = 0,  ^cos cut, ttg = e cos 0* . 
The results are the same as Case IV by symmetry. 
Cases I and II, according to (2), shoiild not differ. However, it 
is seen that the unstable region for Case II is much smaller than the 
unstable region for Case I, indicating that, at least for stability 
considerations, rotational oscillations about Xg are not equivalent to 
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translational oscillations in the direction. Also note from Case V, 
that the unstable region is slightly smaller hut nearly eq.uivalent to, 
the unstable region in Case I, Here the rotational motion and transla­
tional motion are taking place in the same plane. The rotational motion 
thus has a much smaller effect on the free-surface motion than the 
translational motion, even to the extent that the combination is 
essentially not different than the situation for translation alone. 
Cases IV and VIII consider the combination of rotational motion and 
translational motion in planes perpendicular to one another. From 
Equation 5ol2 the region of unstable motion in these cases is much 
greater than any of the other cases considered, 
B. Hon Planar Motion 
Case I: ax^ = = 0, u^ =e cos mt ; 
The quactic equation for this case is 
A. +  ^ = 0 f (5.17) 
where 
= 
34 
"24 
15 
12 
*^ 13 1^2 
1^2 *^ 13 
M, 
12 
2k 
24 
54 
and the d. .'s are defined in Equations 4,6 and 4,7, 1j 
13 
21 
21 
24 
(5.18) 
, (5.19) 
The transformed frequency •o is 
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k 
U = - (F^  + Ag) xg 7" + EK%. y" . (5.20) 
For this case = 0, R = 1, = 8.55992, and 
u = -3.0255 7"^  + 4.001 X 10"^  7^  . 
The generalized coordinates for this case are 
F 
fl = 7 , fg = = 0, = 7^  + ÏÇ 7" . (5.22) 
Since must "be real, f^  > 0. Thus 7 cannot he in the range 
f. 
(-85.41)3 = _ -à < y3 < 0 . (5.25) 
2 
Evaluate and M^ : 
= 7.5148 x 10"^ ° 7 (7^  + 5.5699 x 10^ ) , (5.24) 
= 2.5677 X 10"^ 5 7"^  (7® + 6.2505 X 10^ )(7^  + 5.7784 X 10^ )1 , 
(5.25) 
and consider Equation 5.17 as a quandratic in 7^ : 
(\2)2 + (ay + w^ ;(\2) + wyMg = 0. (5.26) 
If 7® < 6.2505 X 10^  or 7 < -85.41, > 0 , and < 0. Thus hy 
Descarte's rule of signs there is one positive real root of Equation 5.26. 
This corresponds to a region of unstable motion. The case -6.2505 x 10 ^  < 
7^  < 0 is dealt 'with in Equation 5.25. 
To examine stability for 7 > 0, compute the discriminant of Equation 
5.26: 
a = 52.99 X 10"^ v + 361.4 X 10^  ^7^  + 5.72.5 X 10~^ °7®-241,75 X 10"5 
(5.27) 
Set A = 0, multiply hy 10^  ^and let cr = 7® to obtain 
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52.99 ^  + 56.14 X 10^  oP + 572.5 X 10^ ° a - 241.75 % 10^  ^= 0. 
(5.28) 
The only positive real root of Equation 5.28 corresponds to 7 = 64.47. 
Thus for 0 < 7 < 64,47 the roots of Equation 5.26 are complex. If 7 > 0, 
 ^ and are both positive. Thus by Descarte's rijle of signs 
there is no positive real roots of Equation 5,17, Replace by - a 
in Equation 5.26 to obtain 
oF - + Mi^ )a + = 0. (5.29) 
Thus by Descarte's rule of sign there exist either two positive real 
roots or no positive real roots of Equation 5.29. If 7 > 64.47 the roots 
of Equation 5.29 are real. Hence for 7 > 64.47 Re (\) ^  0, and this 
corresponds to stable motion. 
In summary the steady-state nonplanar motion is stable for 
64.47 < 7 < = , - 0.05027 < % < m ; (5.50) 
and unstable for 
0 < 7 64.47 , - = < % < -0.05027 , (5.51) 
_ œ < 7 < -85.41 , 0.06459 < v < m . (5.52) 
The solution does not exist vhen 
-85.41 < 7 < 0 , - 00 < -0 < 0.06459 , 
since then f? < 0 . 
This motion is stable for a small range of driving frequencies œ 
"Which includes the first natural frequency p^ .^ This can be seen from 
the range of transformed frequencies u given by Equation 5.50. 
The results have agreed with those obtained by Hutton (5). 
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Case II: = 0, "b ~ ïï * 
Proceeding as in Case I, "with = 0 and = -,6589, the 
quaEtic equation to be examined is . 
+ («2 + = 0, (5.33) 
•where M|^ _, and Mg are defined hy Equations 5.18 and 5.19. Here 
the d..'s have different values than in Case I. 1j 
The trajisformed frequency D is 
k 
% = - ag kg 7" + k4 7^  ' (5.34) 
or 
D = .2262 7"^  + 4.001 X 10"^  f . (5.35) 
The generalized coordinates for this case are 
ap , 
f^  = 7, fg = = 0 , = yz + âg 7" (5.36) 
Since f, must he real, f? > 0, Thus 7 cannot lie in the range 
4) 0 < ys < - .A , (5.37) 
2 
where A^  < 0. This gives 
0 < 7 < 35.8 , .01047 < u < m . (5.38) 
Regard Equation 5.33 as a quadratic in and examine the roots of 
(\2)2 + (M^ , + M^ ;(\2) + wyMg = 0. (5.39) 
This gives the following regions of unstable and sta'ble motion 
respectively: 
- co < 7 < 0 - co < < 00  ^ (5.40) 
35.8 < 7 < m .01047 < % < * , (5.41) 
This motion is not sta'ble a'bout the first natural frequency as opposed 
to the situation in Case I. 
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Case III: = O, Ug = 0, ^ 2 ~ ïï 2t, = € cos ojfc , 
The q-uartic equation for this case is Equation 5,17 with y[^ , 
and Mg given "by Equations ^ .l8 and 5*19. The d^ '^s are evaluated from 
Equations 4.6 and 4,7 with = 0, Q = 0, R = 1. 
The transformed frequency -o is 
D = -2.797 7"^ + 4.001 X 10"^ f , (5.42) 
and the generalized coordinates are 
(fn + ap) -
= 7, fg = = 0, f2 = y2 + é y-i . (5.42) 
Since fj^  is real, f^  > 0, Thus 7 cannot lie in the range 
f + a 
- ( ) < ys < 0 . (5.44) 
Thus the solution does not exist for 
-75.6 < 7 < 0 , -« < D < .0597 (5.45) 
The regions of unstable motion are 
-00 < 7 <-8.51 } «0615 < -D < 00  ^ (5.46) 
0 < 7 < 62.58 - * < D < -0.0399. (5.47) 
The region of stable motion is 
62.58 < 7 < " , -0.0399 < u < » . (5.48) 
The similarity between Cases I and HI is to be noted as regards 
the stability of the non planar motion. Thus the rotational motion has a 
much smaller effect on the stability of the free-surface motion than does 
the translational motion, even to the extent that the combination is 
essentially not different than the situation for translation alone. 
In all cases considered for the stability of non planar motion there 
is a region of X) for which it is possible to have both stable planar 
motion and stable non planar motion. 
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Case IV: = 0,  ^cos ojb, = e cos cafc. 
The q.uaX.tic eq.uation for the determination of the allowable values 
of \ is 
k p \ +MX + E = 0 , (5.49) 
•where 
M = 
11 
21 
12 
22 
11 
$2 
12 
33 
22 
$2 
25 
33 
22 
43 
25 
'44 
11 
'43 
S3 
45 
12 
'4j+ 
54 
'44 
(5.50) 
and 5 is the determinant of the coefficient matrix in Eq.uation 4.2 
¥ith X = 0. 
The transformed frequency u. is 
u = -5.0255 7"^  + 4.024 X 10"^  -f, (5.51) 
and the generalized coordinates are 
fl = 7 , fg = -,0748 [7^  + 6.24 X 10^  7 (5.52) 
f^  = .0748 7 , f^  = 7^  + 6.24 X 10^  7 ^  o (5.55) 
Since fj^  is real, f^  > 0. Thus 7 cannot lie in the range 
-85.41 < 7 < 0 , .06459 < u < = . (5.54) 
The motion is unstable for 
- m < 7 < -85,41 , .06459 < % < * (5.55) 
59.1 < 7 < m , -.0371 < % < « . (5.56) 
h2 
The motion is statle for 
31.6 < 7 < 59.1, -.0915 < % < -.0371 . (5.57) 
This case, as in the planar motion, has the langest region of unstalDle 
motion. 
^3 
VI. CONCLUSION 
This paper considers the irrotational motion of an incompressible, 
inviscid fluid contained in a tank which is only partially filled. The 
tank is subjected to both transverse and rotational vibrations whose 
frequencies are near the first natural frequency of small free-surface 
oscillations. The analysis was performed retaining higher-order terms 
in the free-surface dynamic and kinematic boundary conditions. The 
theoretical investigation predicts the forcing frequency ranges, for 
various combinations of rotational and translational motion, over which 
there are stable steady-state harmonic planar and nonplanar motions. 
The least stable case occurs when a combination of motions occurs in 
planes perpendicular to one another. This substantiates the findings of 
Hutton in that the mechanism that apparently causes sloshing in the unstable 
regions is a nonlinear coupling of the fluid motions parallel with and 
perpendicular to the plane in which the translational motion is taking 
place. 
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vii. appendix 
In the sloshing problem "being considered, the free-surface height t] 
is an unknown which may be eliminated by replacing Equations 3,24 and 
5o25 by a single equation which does not contain i;. Solving Equation 5.24 
for T], one obtains 
Cd] = r(r, 0,11 (r, 8,t), t) , (A.l) 
where 
r (r, 8,% (r, 8,t), t) = - [a - r<3)^  sin 0 + r cos G -
+ m^Ug + 0^0^ r sin 0 + r cos 0]/ (o^ + a|) + [a - r sin 0 
+ r cos 0 - o^ u^  + G)^ Ug + r sin 0 + r cos 0]^  - 2(a^  
+  + - ^ + ^ )  + cos 0 + u^ r sin 0 + 2r^  ® 
+œ I cos^  0) + 2 (ij/^  + ty ) (rm^  sin 0 - rœ^  cos 0) + o^ r (u^  sin 8-Ug cos 0) 
!_ 
2 
- 5 a^ cOg sin 0 cos 0 + (% jg] / (uP + o^ ) , 
and the positive sign in the quadratic formula is chosen so that aq 
remains finite if ox^ , are all equal to zero. Equation A.l 
can now be used to obtain the partial derivatives, and T]go Thus 
(o - fqilt = , 
(a - r^ ) , 
(a - r^) = Tg , (AO2) 
Multiply Equation 5.25 by (a - T^ ) and use Equation A.2; 
- Uj + 2rmg cos 0 - 2rm^  sin 9) (a - r^ ) 
= 4fg + a^ )rg,onz = ti. (a,5) 
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The potential functions in Equation A,3 are evaluated on z = 
and thus Equation Ao5 depends upon i] implicitly. Equation $.24, however, 
depends upon TJ both explicitly and implicitly. The wave height is 
eliminated between these two equations by first expanding the functions 
defined by these two equations in Taylor series about z = 0. 
Introduce the notation 
where m + n 4- p + s =k. 
The Taylor series of the function defined by Equations A.3 and 5.24 can 
then be written in the form 
° âr» af at" 
(A. 4) 
(A. 5) 
and 
o^ **" 1^^  ^  st 3t  ^ ; (A.6) 
respectively, where 
b^  = - b^  ^- b^  ^- û^ r sin 6 - 2r^  (a^  cos^  8 + sin^ 0) 
- (ro)^  sin 0 - ru^  cos 0 + u^ ) + "^ "^ 2 ® cos 0 
b^  = - b^  - b^  - a + r sin 0 - r cos 0 - 2^ %^ (rm^  sin 0 
- ro^  cos 8+ - 0^ 0^  sin 8 -
r cos 0 - , 
bg = - bgg - bg^  - (aÇ + a|) - 2|^  ^(rca^  sin 0 - ro^  cos0 + u^ ) 
 ^^9zz ' 
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I? 
= - st + r cos 8 , = i (fg + -- + s2) 
r 
"b 
11 
ôt ôtj , ôt 
OO , ol • 00 
ÔZ ' 12 èz ' 00 ôt 
ôb 
"^in+l,n-î-l ÔZ ^ ^ ••• 
It is evident that the potential functions are the same order as 
the wave height. This can be seen by neglecting the products of -q and | 
in Equation A,6; then, the first approximation becomes 
"boo - ° ' 
or 
1 = st (a'8) 
With this fact in mind the function defined by Equation A„1 is 
/ 4\ 
expanded in a "binomial expansion and terms of 0(ti ) are neglected. Here 
it is assumed that u^ , u^ , ty and their time derivatives are 
the same order as the wave height. This gives;  ^
r (r,e,^ ,t) = - [- \|;, + VL r cos 8 + i + îLr sin 0 
13 _L 37 Z ^ 
+ 2r^  (ci^  sin^ e + cos^ S) + 2 (\j;^ +u^  ) (rœ^ sin 0 - rm^  cos 0) +a^ r(u^  sin 
- Ug cos 0) - 5r^  sin 0 cos 6 + (% \l;g]+[-r sin 0 + rm^  cos 0] 
+ û^ r cos 0 + u^ r sin 0 + i + — +^ )+ 2r^ (a^ sin^ 0 -Ki^  cos^  0) 
+ 2 (i|i^  + u^ )(rœ^  sin 0 - rœ^  cos 0) -Ki^ r (u^  sin 0 - u^  cos 0) 
- 5r^  CD^ cOg sin 0 cos 0 + <^  ^ |/g] + + œ^ u^  + o^ r (m^  sin 0 
+ O)^  cos 0) ][+ u^ r cos 0 + u^ r sin 0] - a ^ [r^ S? sin ^ 0 + r^  u^ cos^ 0 
-2r^  sin 0 cos 0][ cos 0 + u^ r sin 0] + 0(t)^)o (A.9) 
Use Equation A,9 to find , T^. Note that on z = T = r.^; 
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then a - can be computed. Substitute these values into Equation A,5 
and expand the function defined "by the result in a Taylor series a'bout 
z = 0, This leads to Equation A,5 where a^  is defined below, 
' k . 0, 1, 2, 3 ... 
"Where 
O = - « - ftt r COS 0 + 2 + 2 
- \ (*r ® - *8 )- *r *rr " "^Vrz+z 
- 2 2 + (-u +^2r [cdg cos 0 -o^  sin 0])[qh- i^ r^zi'^ '^ e^ ez 
r^  ir 
+ ^^z " ("b cos 8 - sin 8) +a^ - oT^r (ô^ cos 8 
- \ sin e)(trirz+ — + (^ 2 ® " ^ 1 
- â'\ ( cos e - sin 8)  ^^  + vgigg)] -a"^ r(a^  cos 0 
r 
- \ sin 0) + + ^ z^ zt ~ t^t + r cos 0 + "i^ r sin 6 
r^  
+4r^  sin^ e -ko^ œ^  cos s^) + 2 + îy)r(ct^  cos 0- ct^  sin 0) 
+ 2r + u^ )(&g cos 0 - co^  sin0) + u^ r (u^  sin 0 - u^  cos 0)+ <^ r(uj^  sin 8 
- ug cos 0) - 5r^ - sin 0 cos 0 ftugr sin 8 
+ 4r^  ("^ 1^  sin^ 0 + (dgcl^  cos s^) +2 (\(/^  ^+ {y)r((i^  cos 0 - sin 0) 
+ 2r (ijf^  + u^ ) (cl^  cos 8 - sin 8) + o^ r (u^  sin e-u^  cos 0) +o^ r(u^ sin 0 
- ug cos 0)- 3r^  sin G cos 0(m^ a:^  -ka^ ôc^ ) + l^ l^-a'^ rccwgcos 8 
sin 8)[--\|/_j_ + u^  r cos 8 + -g  ^+ il/^ )+ u^ r sin 8 +2r^ (a^  sin^  8 
r^  
+ a| cos 8^)+2r (\|;^  + ty) (% cos 8 - cl^  sin 8)+ ayr(u^  sin 8-ugcos 0) 
- 5r^  coj^ oig sin 0 cos 0 + ay igl-a'^ l-œ^ u^  + ax^ v^  + ayr(mgsin 0 +a^  cos 0)] 
kQ 
-1, 
r cos 0 + u 2 r sin 0]- a~ 
+ r (<^  sin 0 + <^  cos 0) + o^ r sin 0 + cos 0)][-^  ^+ û^ r cos 0 
4 ûg r sin 0] + Q:~^ [2r^  sin^ &f 2]f 2^%. cos^ G - 2r^  sin 0 cos 
+ ] l-V^  + r cos 0 + ûg sin 0] + a"^  [r^  sin^ 0 + â| cos^ Ô 
- 2r^  cos 0 sin 0][-'\l/^  ^+'û cos 0 + 'ug r sin 0]+ sin 0 
- 4r sin^ 0 + ^  cos^ 0)- 2 \|;^ r^ (œ^  cos 0 - sin 0) - 2(^ 1/^  + -uy((%cosl 
- sin 9)- 0^  (u^  sin 0 - -u^  cos 0) + 6r sin 0 cos 0 - \|fg^  
+ a (ô^  cos 0- sin 0)(-i|/^  ^+ cos 0 + ûg sin 0)+a cos 0 
- sin 0) cos 0 + -u^ r sin 0) ] + sin 0-ûgr cos 0 
-
ici, 
r^ er  ^
- ^ 2^ 02 0^  sin 0 cos 0 + 4r^  cos 0sin 0+ ^ z^0^  
(cDg COS 9 - ox^  sin 0) - 2r + ty ) (ci^  sin 0 + cc^  cos 0)- a^ r(u^  cos 0 
+ Ug sin 0) + cn^ œ^  (cos^ 0 - sin^ 0)- ax g^g- Q:''^ r(mg cos 0 
- sin 8) sin 0+ û^ r cos 0)- a''^ r(ô:^  sin * cos 0) 
tg 
+ û-^ r cos 0 + ûg sin 0)]+ — [- û^ r cos 0 - 4r^  sin 0 cos 0 
+ (rP cos 0 sin 0 - 2 (o^ g cos 0 - sin 0)- 2r (ij;^  
+ -uy ) (cDg sin 04- co^  cos 0)- ayr(\i^  cos 0 + sin Ôf3r^  (cos^ 0 
- sin^ e) - ay - a"^ r ( cb^  cos 0- sin 0) (-•»];g^ -u^ r sin cos 0) 
- a (G)g sin 0 + cb^  cos 0)(-il/^ +û^  r cos 0 + u^ r sin 0) ] +0 (^ 1^. 
Equation A.6 is solved for -q: 
î l  =  -  ^  -  + •••  = -  + O(ti^ )  ,  (A. io)  
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since bp = O(^ ). Substitute Eq.uation A. 10 into Eq_uation A„5: 
+  o ( f )  
or 
•^ 1 
Td 
+ 0(f) + o(^ )^ = 0, 
 ^a, % \ (-%) + o(n^ ) .. = 0 . 
l b? 
(A. 11) 
Compute the indicated multiplication; Equation A. 11 is then 
a + a T 
oo ol a 
a, ,b a^ -b a^ /bn/b 
11 ol . ""12 00 . 11 11 oo *22"oo 
+ + -j— + + —
qp qp 
21 Qp 
+ + ®12 + ®15 " ^ 11 
/ -1 • -2 o • (a u^ r sin 6 + a. r a^ u^ r sin 
- a ûgr sin + o: ^  r cr^  b^  ^+ a~^ [2r^  s±n^ 6 + 2r^  cos^ i 
+ 2|^  (ly - a^ ) - 3r^  <^ "^ 2 ® cos 6 + 2u^ ra^  + u^ o^  r sin 9 + o^ gg]) 
- Bgg - r cr^ ][\o + sin 0]+a~^ [b^  ^
+ 2r^  0? sin^ e + 2r^  oë cos + 2| r (u^  - a^ )-3r^  sin 6 cos 0 1 2 
+ 2 u,r + u, (%r sin 0 + o^ gg]) + a^ a ^ û^ r sin 0 + a ^ [b ^ a^ 0^ ]
oo 
22 -2 
B. 
+ u^ r sin 0] + (2b^  ^û^ r sin 0 + u| sin^ 0)+ a'^  [b^  ^
+ Ug r sin 0]^  + O(ti^ ) = 0, (A. 12) 
•where 
*00 = - o %% - stt + "l r ®' 
... •...... 
+ 2  ^- u^  (l^  cos 8- 5| sine ) , 
5 « s 
%2 r^ r^r  ^^zz + ^  - 2 tr r^z 
2|^ |glre 
r^  r^  
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1^1 ~  ^^zz t^tz ' 
ôa 
- ™ 
m^+l, n+1 ÔZ ' 
*^ 1 ~ '^ 2 8 - <^ 2 0 ; 1^ ~ ^  sin 8 - Ug cos 6 , 
ôai ôp^  
°ire = -58 ' pi,e = -58' 
. . p^i 
°i - ~3t ' 1^ ° "it ' 
1^1 ~ (-'U^  + 2ra^ ) + r sin Q, 
= (-ly + - a ^  rcr^  (5^  ^+ u^ r sin 0) + l+r^ (cD^ (X(^  sin^ S 
+ co8^ e)+ 2 + ^ )ra^  + 2(|^  + u^ ) rcr^  + 
- 3r^  sin 0 cos 0 + m^ ô^ ) + "*" "'' i^n 0) 
+ (-ûg sin 0) + (% (l^  + tLj^ r sin 0- û^ r cos 0) + — (-û^ r cos 0) , 
\5 = (-"3 + 2ra^ ) 2r|^ a^^  + |  ^- a 
+ "^  i - ot^ r - a 0^  (m^ &g sin^  0 + ci^ ô^  cos^  0 ) 
+ 2(1^  ^+ ÎL ) ra^  + 2 + ô^ r - Jr^  sin 0 cosG • 
sg, + :%]- ot^ r + 2r^  (oç sin^  0 + "| cos^  0) 
+ 2(1^  + u^ )rc^  + o^ rp^  - 5r^  sin 0 cos 0 + a^ |g ]-o:"^ [-œ2u^  
+ m^Ug - r sin e ] -
- o^ r 0^  g - o^ r  ^ + -û^ r sin 0]+ a"^ [2r^  co^ ô:^  sin^ 0 +2r2â^ u^ Gos2 0 
-2r^  sin 0 cos 0 û^ r sin 0 ]+o: [^r^  sin^  0 + 
cos^ 0 - 2r^  cos 9 sin 0 r sin0 ]+|^ [-^ r(a^  sin^ 0 
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+ 0^  cos^ e)  - 2 r 0^  - 2(|^  + ly ) + 6r sin 6 cos 6 
- (% Ig^  + a ^  r ("irt \ cos 6 + sinG ) + a ^  cr^  ("b^  ^+ûgrsin8 )] 
 ^gi QQ 
+ ^  [- E;^Sg ^ sin 0 COS 6 + cos 9 sin 9 
+ 2:^  ra^  + (l^  + u^ ) ro-^ g^ - o^ r + 5r^  cd^ cd^ lcos^ e -sin^  8]-"^ :gg 
•'  ^r 0^  ("1sin 0 + ûg r cos 9) + a"^  g r + u^ r sin 4) ] -a
+ — [-kx^ a^  sin 9 cosGf hv^  sin 9 cos 0 - r + 2(^ +^iy)ro^  g 
- P2_^ g+5r^  [cos^ e - sin^  6] - o^ i qq -a^ rcr^(-|g^ -u^r sin 9 
+ U^r cos e) + a g (t + v^ r sin 8)], 
ôb 
In summary, the boundary value problem in terms of the potential 
function, with the higher order approximation for the free surface 
condition becomes 
0 ^  r < a 
i]/ (r, 8,z,t) = 0 in 0 6 < 2a , (A.l^ ) 
- h < z < Tl 
\jr^  = 0 , on r = a. 
i]/^  = - u^  - 2rœ^  sin 0 + 2r cd^  cos 9, on z = -h , 
and Equation A.12, 
The frequency of the forcing motion is close to or equal to the first 
natural.frequency. The neighborhood of resonance considered is for 
-2/5. 
- p^ l = 0 as e—5-0. Thus 
ai 
or 
pii (l + e / u) = (f , (a. 15) 
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pjl = (l - . (a. 16) 
Here is the lowest natural frequency of small, free surface oscillations; 
Pt,  ^ tanh h , (A. 17) 
where corresponds to the first non zero root of 
J-Î a) - 0 1 ^'"in 
Constants: 
q^g "-q ^ o3 
jt. 
(kp!x-pin),j^  4 
P-2^n ^ 11 
iSl = I "j [#: Jlf")]" , q = 0, 2, 
 ^Jq u) Jf (u) du , q = 0, 2 , 
% 
r^ ii^  
J 
u (r^  u) (u) du , q = 0, 2 , 
y. A,-i T -i-11 
•^ qu 
-xlia \ 
 ^fe [^ iCu) ] ^  [ Jq u) ] du, q = 0, 2 , 
11 
3çîi- 1 
ko - 2 ' 
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o^n^ u " 2 ^ on 1^1 " ^ 11^  -^ on ^i 
.n 
o5 
" -^ on ^ o4 '-^ p-n ^ 22 ~ ^ -^ 211 ^2k "*"  ^ ^^ 11 ^2n hl^ 2n ~  ^^ 2n 
+ (1 - 2n ' 
^^ on^ u^ onhl " 2 \n " ^ 11^  aon ^o3 "-/ion ^ o4 
j^^ Lga ^ 2 •'" 2-h-gn ^ 24 " 2 [^ 11^ 2n ^ 11^ 2n " ^  TL2n^ 23i ^ 
tt 4l 
= 5k]^  + kg , , 
kpii 
^ 2  ^  ^  ^2 ^ 2  m^ 2^0 ' 
U - ^ = f iS^ '=30 ' 
ît 2^1 
m^n ~ m^n^ mn ' ^4 " 2 4^0 ' 
k^ q = - i k [61^  - - 21^  - 5i5 + 4lg - 21^  + (5i2 + 5i5 + i5i5) 
••• ^ 1^1 ^ 2^  
]"20 = ^ ^ ^11 + 121^ + 5:^ Ig) , 
0^ 2 k (jlg - 4l + 4l^  + ig) , 
*^ 512 + ^ 5^ + ^ 5^ + c^ l ^ 2) 
\3 
g.  ^ 1 ) 
(x|^ a^  - 1)j^  (^ 11^ ) 
54 
•^ 11®" dj, , 
u 
dif X' 11 J 
dJ. d^ J, 
'^ 1 (ar)' -t ^ ' 
ai^  
2^ " 
k 
u du 
/•a 
= X' 
11 
4 
r dr , 
^^ ^^ 1 k 
- Jl du 
-a 
F 4"^ '  
— j!! du 
u=3  ^
"11 
— j) dr 
r^   ^
r\i^  
ir. = 
dJ dJ 
"^ 1 (-5)^  ' 
Ir = 
'^ 11^ . dJ 
x' 
a^ 
11 
1 
1, -
dj. 
4 W 
u \' 11 if 
dJ 
4 (-a#) ^ 
\ = 
2^ = 
2a 
(x: 11 
2f. 
- 1)jq_ (x-i-^ a) 
(A. 18) 
(a. 19) 
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2f, 
a, = 
 ^ pu" 
"2 = ?! ' 
(A.20) 
(A.21) 
K, 1 0^ 1^ 
2^ 2^0 •*" '^ 2 
kio = 15 [-1% + 3x5 + 6x4 + 9i5 - 12ig + 61^  + - 7i3 - 211;) 
" '^ 11 ^ 2' ' 
K 
0^ = e + ::^  + 2i4 + 31^  - ^ i6 + 21^  + (^ ig + - 71^ ) 
1^1 ^ 2^  ' 
= --^  K G , 
' >4i ' 
ak^  = - eg^  
à' 11 
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